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Abstract
In the framework of Dirac quantization with second class constraints, a free
particle moving on the surface of a (d− 1)−dimensional sphere has an ambi-
guity in the energy spectrum due to the arbitrary shift of canonical momenta.
We explicitly show that this spectrum obtained by the Dirac method can be
consistent with the result of the Batalin-Fradkin-Tyutin formalism, which is
an improved Dirac method, at the level of the first-class constraint by fixing
the ambiguity, and discuss its physical consequences.
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It is well known that the canonical quantization of a free point particle in a curved
space is a long-standing and controversial problem in quantum mechanics [1–4]. Indeed, for
such a system the classical-quantum correspondence does not uniquely define a Hamiltonian
operator and this ambiguity affects the energy spectrum of the physical system.
On the other hand, in order to quantize the physical systems subjected to the constraints,
the Dirac quantization scheme [5] has been used widely. However, whenever we adopt the
Dirac method, we frequently meet the problem of the operator ordering ambiguity. In
order to avoid this problem, Batalin, Fradkin, and Tyutin (BFT) developed a method [6]
converting the second-class constraints into first-class ones, which instead of configuration
space restricts the quantum-mechanical Hilbert space. Then, the operators representing the
first-class constraints are generators of gauge transformations, and the physical states are
all found by going into the gauge invariant subspace of the Hilbert space. Recently, this
BFT formalism has been applied to several interesting models [7]. Very recently, the SU(2)
Skyrme model has been studied in the context of the BFT formalism [8,9].
In this Letter, we will perform a Hamiltonian quantization of a free particle moving on
the surface of a (d − 1)−dimensional sphere by exactly identifying the ambiguity of the
energy spectrum. We show how this ambiguous spectrum obtained by the Dirac method
can be consistent with the result of the BFT formalism, which is an improved version of
Dirac method. Firstly, the Dirac bracket scheme will be applied to a free particle constrained
on a (d − 1)−dimensional sphere. The adjustable parameter will be introduced to define
the generalized momenta without any loss of generality, which yields an ambiguous energy
spectrum. Next, we will apply the BFT method to this model to obtain the energy spectrum
including the Weyl ordering correction. Then, we will show that by fixing this free parameter
the energy eigenvalues obtained by the Dirac method are consistent with the result of the
BFT formalism. Finally, we will construct the BRST invariant gauge fixed Lagrangian
[10] as well as the effective Lagrangian corresponding to the first-class Hamiltonian in the
Batalin, Fradkin and Vilkovisky (BFV) scheme [11–13].
Now we start with the following Lagrangian describing a free particle with a unit mass
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on a (d − 1)−dimensional sphere of unit radius embedded in a d−dimensional Cartesian
space with coordinates qi(i = 1, 2, .., d):
L =
1
2
q˙iq˙i. (1)
Introducing the canonical momenta πi = q˙i conjugate to the coordinates qi one can then
obtain the canonical Hamiltonian
H =
1
2
πiπi. (2)
On the other hand, we have the following second-class constraints:
Ω1 = qiqi − 1 ≈ 0, Ω2 = qiπi ≈ 0,
to yield the Poisson algebra ∆ab = {Ωa,Ωb} = 2ǫabqiqi with ǫ12 = −ǫ21 = 1. Here
one notes that, due to the commutator {πi,Ω1} = −2qi, one can easily obtain the al-
gebraic relation {Ω1, H} = 2Ω2. Using the Dirac brackets [5] defined by {A,B}D =
{A,B}−{A,Ωa}∆ab{Ωb, B} with ∆ab being the inverse of ∆ab and performing the canonical
quantization scheme {A,B}D → 1i [Aop, Bop], one can obtain the operator commutators
[qi, qj] = 0,
[qi, πj] = i(δij − qiqj
qkqk
),
[πi, πj] =
i
qkqk
(qjπi − qiπj) (3)
with πi = −i(δij − qiqjqkqk )∂j .
Then we observe that without any loss of generality the generalized momenta Πi fulfilling
the structure of the commutators (3) are given by Πi = −i(δij − qiqjqkqk )∂j −
icqi
qkqk
with an
arbitrary parameter c to be fixed later [9,16]. In Ref. [14,15] the authors did not include the
last term so that one cannot clarify the relations between the BFT scheme and the Dirac
bracket one. On the other hand, the energy spectrum of the free particle can be obtained
in the Weyl ordering scheme [17] where the Hamiltonian (2) is modified into the symmetric
form
HN =
1
2
ΠNi Π
N
i ,
3
where
ΠNi = −
i
2
[
(δij − qiqj
qkqk
)∂j + ∂j(δij − qiqj
qkqk
) +
2cqi
qkqk
]
.
After some algebra, one can obtain the Weyl ordered ΠNi Π
N
i as follows:
ΠNi Π
N
i = −∂i∂i +
(d− 1)qi
qkqk
∂i +
qiqj
qkqk
∂i∂j +
1
qkqk
[
(d− 1)2
4
− c2
]
, (4)
which yields the modified quantum energy spectrum as
〈HN〉 = 1
2
[
l(l + d− 2) + (d− 1)
2
4
− c2
]
. (5)
Here the first three terms in Eq. (4) are nothing but the (d−1)−sphere Laplacian [18] given
in terms of the coordinates and their derivatives to yield the eigenvalues l(l + d − 2). Note
that due to the ambiguity of the arbitrary value c, we could adjust any energy spectrum
obtained by various approaches [2,4] to give the proper spectrum. In fact one cannot fix
uniquely the energy spectrum only by using the Dirac method.
Next, following the Abelian BFT formalism [6–8] which systematically converts the
second-class constraints into the first-class ones, we introduce two auxiliary fields Φa corre-
sponding to Ωa with the Poisson brackets {Φa,Φb} = ωab. The first-class constraints Ω˜a are
then constructed as a power series of the auxiliary fields:
Ω˜a =
∞∑
n=0
Ω(n)a , Ω
(0)
a = Ωa (6)
where Ω(n)a are polynomials in the auxiliary fields Φ
a of degree n, to be determined by the
requirement that the first-class constraints Ω˜a satisfy an Abelian algebra {Ω˜a, Ω˜b} = 0.
Following the standard iterating procedure with the choice of ωab = ǫab [6,7], one can obtain
the first-class constraints
Ω˜1 = Ω1 + 2Φ
1, Ω˜2 = Ω2 − qiqiΦ2, (7)
which yield the strongly involutive first-class constraint algebra {Ω˜a, Ω˜b} = 0.
Now we systematically construct the first-class BFT physical fields F˜ = (q˜i, π˜i) in the
extended phase space corresponding to the original fields F = (qi, πi), which are obtained
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as a power series in the auxiliary fields Φa by demanding that they are strongly involutive:
{Ω˜a, F˜} = 0. In general the first-class-fields satisfying the boundary conditions F˜ [F ; 0] = F
can be found as
F˜ [F ; Φ] = F +
∞∑
n=1
F˜ (n), F˜ (n) ∼ (Φ)n
where the (n+ 1)−th order iteration terms are given by the formula
F˜ (n+1) = − 1
n + 1
ΦaωabX
bcG(n)c
with
G(n)a =
n∑
m=0
{Ω(n−m)a , F˜ (m)}(F) +
n−2∑
m=0
{Ω(n−m)a , F˜ (m+2)}(Φ) + {Ω(n+1)a , F˜ (1)}(Φ).
After some algebra, we obtain the first-class physical fields,
q˜i = qi
[
1−
∞∑
n=1
(−1)n(2n− 3)!!
n!
(Φ1)n
(qkqk)n
]
π˜i = (πi − qiΦ2)
[
1 +
∞∑
n=1
(−1)n(2n− 1)!!
n!
(Φ1)n
(qkqk)n
]
(8)
with (−1)!! = 1.
Then, using the novel property [19] that any functional K(F˜) of the first-class fields
F˜ will also be first-class, i.e., K˜(F ; Φ) = K(F˜), we can directly construct the first-class
Hamiltonian in terms of the above BFT physical variables as follows
H˜ =
1
2
π˜iπ˜i
omitting infinitely iterated standard procedure [9].
As a result, the corresponding first-class Hamiltonian with the original fields and auxiliary
fields is given by
H˜ =
1
2
(πi − qiΦ2)(πi − qiΦ2) qjqj
qjqj + 2Φ1
, (9)
which is also strongly involutive with the first-class constraints {Ω˜a, H˜} = 0. However, with
the Hamiltonian (9), one cannot naturally generate the first-class Gauss’ law constraint
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from the time evolution of the primary constraint Ω˜1. By introducing an additional term
proportional to the first-class constraints Ω˜2 into H˜ , we obtain an equivalent first-class
Hamiltonian
H˜ ′ = H˜ + Φ2Ω˜2, (10)
which naturally generates the Gauss’ law constraint, {Ω˜1, H˜ ′} = 2Ω˜2 and {Ω˜2, H˜ ′} = 0.
Here one notes that H˜ and H˜ ′ act on physical states in the same way since such states are
annihilated by the first-class constraints. Similarly, the equations of motion for observables
are also unaffected by this difference. Furthermore, if we take the limit Φa → 0, then our
first-class system exactly returns to the original second-class one.
We are now ready to obtain the energy spectrum of the extended phase space. The
fundamental idea consists in imposing quantum mechanically the first-class constraints as
operator condition on the state as a way to obtain the physical subspace, i.e., Ω˜a|phys >= 0
where we used the symmetrized operators as Ω˜1 = qiqi + 2Φ
1 and Ω˜2 = (qiπi)sym − qiqiΦ2.
Then, after the symmetrization procedure [8], the first-class Hamiltonian yields the energy
spectrum with the Weyl ordering correction
〈H˜ ′N〉 =
1
2
[
l(l + d− 2) + d(d− 3)
4
]
.
This result obtained through the Abelian BFT analysis is well in agreement with the energy
level spacings due to the angular contribution of the hydrogen atom because there is no
additional constant parameter in the energy eigenvalues for the case of d = 3. Furthermore,
our result well describes the spectrum of SU(2) Skyrmion model corresponding to the d = 4
case [8,9]. Note that, however, the recent result obtained from the unusual non-Abelian
BFT scheme [14] can not describe the correct situation for d = 3 case. The reason is that
this can not naturally generate the Gauss’ law constraint, and does not recover the original
second-class constraint structure in the limit of Φa → 0.
Now, in order for the Dirac bracket scheme to be consistent with the BFT one, the
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adjustable parameter c in Eq. (5) should be fixed with the values
c = ±
√
d+ 1
2
.
Then, this fixed parameter c relates the Dirac bracket scheme to the BFT one to yield the
desired quantization in the model of the free particle on (d − 1)−sphere so that one can
achieve the unification of these two formalisms.
Next, let us consider the partition function of the model in order to present the La-
grangian corresponding to the first-class Hamiltonian H˜ ′ in the canonical Hamiltonian for-
malism. First of all, let us identify the auxiliary fields Φa with a canonical conjugate pair
(θ, πθ), i.e., Φ
a = (θ, πθ) which satisfy {Φa,Φb} = ωab with ωab = ǫab. Then, the starting
partition function in the phase space is given by the Faddeev-Senjanovic formula [20] as
follows
Z = N
∫
DqiDπiDθDπθ
2∏
a,b=1
δ(Ω˜a)δ(Γb) det |M | exp i
∫
dt(πiq˙i + πθθ˙ − H˜ ′)
where the gauge fixing conditions Γi are chosen so that the determinant occurring in the
functional measure is nonvanishing, and M = {Ω˜a,Γb}.
Now, exponentiating the delta function δ(Ω˜2) as δ(Ω˜2) =
∫ Dξei∫ dt ξΩ˜2 and performing
the integration over πθ, we obtain
Z = N
∫
DqiDπiDθDξδ(qiqi − 1 + 2θ)
2∏
a=1
δ(Γa) det |M |ei
∫
dtL
L = −1
2
qiqiπjπj + (q˙i − ξqi)πi − 1
2(qkqk)2
(θ˙ + ξqiqi)
2.
After integrating out the momenta πi and auxiliary field ξ, the partition function is given
as follows
Z = N
∫
DqiDθδ(qiqi − 1 + 2θ)
2∏
a=1
δ(Γa) det |M |ei
∫
dtL (11)
L =
1
2qkqk
q˙iq˙i − 1
2(qkqk)2
θ˙2. (12)
As a result, we have obtained the desired Lagrangian (12) corresponding to the first-class
Hamiltonian (10). Here one notes that the Lagrangian (12) can be re-shuffled to yield the
gauge invariant action of the form
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S =
∫
dt (
1
2
q˙iq˙i) + SWZ
SWZ =
∫
dt
[
1
qkqk
q˙iq˙iθ − 1
2(qkqk)2
θ˙2
]
,
where SWZ is the new type of the Wess-Zumino term restoring the gauge symmetry under
the transformation: δqi = qiǫ, δθ = −qiqiǫ where ǫ is a local gauge parameter. Here
one notes that this form of symmetry transformation is exactly the same as that obtained
when we consider the effective first-class constraints (7) as the symmetry generators in the
Hamiltonian formalism.
Moreover the corresponding partition function (11) can be rewritten simply in terms of
the first-class physical fields (8)
Z˜ = N
∫
Dq˜iδ(q˜j q˜j − 1)
2∏
a=1
δ(Γa) det |M | exp i
∫
dt(
1
2
˙˜qi ˙˜qi)
where L˜ is form invariant Lagrangian of Eq. (1).
Now, in order to obtain the BRST invariant gauge fixed Lagrangian, we introduce two
canonical sets of ghosts and anti-ghosts together with auxiliary fields in the framework of
the BFV formalism [11–13], which is applicable to theories with the first-class constraints:
(Ca, P¯a), (Pa, C¯a), (Na, Ba), (a = 1, 2) which satisfy the super-Poisson algebra {Ca, P¯b} =
{Pa, C¯b} = {Na, Bb} = δab . The super-Poisson bracket is defined as {A,B} = δAδq |r δBδp |l −
(−1)ηAηB δB
δq
|r δAδp |l where ηA denotes the number of fermions called ghost number in A and
the subscript r and l right and left derivatives. In the model for the free particle on a (d−
1)−dimensional sphere, the nilpotent BRST charge Q, the fermionic gauge fixing function
Ψ and the BRST invariant minimal Hamiltonian Hm are given by
Q = CaΩ˜a + PaBa, Ψ = C¯aχa + P¯aNa, Hm = H˜ ′ − 2C1P¯2
which satisfy the relations {Q,Hm} = 0, Q2 = {Q,Q} = 0, and {{Ψ, Q}, Q} = 0. The
effective quantum Lagrangian is then described as
Leff = πiq˙i + πθθ˙ +B2N˙
2 + P¯aC˙a + C¯2P˙2 −Htot
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with Htot = Hm−{Q,Ψ}. Here B1N˙1+C¯1P˙1 = {Q, C¯1N˙1} terms are suppressed by replacing
χ1 with χ1 + N˙1.
Now we choose the unitary gauge χ1 = Ω1, χ
2 = Ω2 and perform the path integration
over the fields B1, N
1, C¯1, P1, P¯1 and C1, by using the equations of motion, to yield the
effective Lagrangian of the form
Leff = πiq˙i + πθθ˙ +BN˙ + P¯C˙ + C¯P˙
−1
2
(πi − qiπθ)(πi − qiπθ) qjqj
qjqj + 2θ
− πθΩ˜2
+2qiqiπθC¯C + Ω˜2N +BΩ2 + P¯P
with redefinitions: N ≡ N2, B ≡ B2, C¯ ≡ C¯2, C ≡ C2, P¯ ≡ P¯2, P ≡ P2.
Then, using the variations with respect to πi, πθ, P and P¯ and identifying N with
N = −B + θ˙
qkqk
, we obtain the desired effective Lagrangian
Leff =
1
2qkqk
q˙iq˙i − 1
2(qkqk)2
θ˙2 − 1
2
(qkqk)
2(B + 2C¯C)2 − θ˙B˙
qkqk
+ ˙¯CC˙,
which is invariant under the BRST transformation
δBqi = λqiC, δBθ = −λqiqiC,
δBC¯ = −λB, δBC = δBB = 0.
Here one notes that the above BRST transformation including the rules for the (anti)ghost
fields is just the generalization of the previous one δqi = qiǫ, δθ = −qiqiǫ.
In summary, we have clarified the relation between the Dirac bracket scheme with the
second-class constraints and the BFT method at the level of the first-class constraint, which
has been obscure and unsettled, in the free particle on a (d − 1)−dimensional sphere. In
this approach we have introduced the generalized momentum operators including the free
parameter, which is fixed to yield the consistency between these two formalisms. We have
shown that one could see the effects of the Weyl ordering correction in the energy spectrum.
Note that the energy spectrum is remarkably reproduced for d = 3 and d = 4 which corre-
spond to the explicit physical phenomena, three-dimensional rotator and SU(2) Skyrmion,
respectively.
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